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Abstract We present a scheme of quantum information transmission, which 
transmits the quantum information contained in a single qubit via the quan- 
tum correlation shared by two parties (a two-qubit channel), whose quantum 
discord is non-zero. We demonstrate that the quantum correlation, which may 
have no entanglement, is sufficient to transmit the information of a quantum 
state. When the correlation matrix of the two-qubit channel is of full rank 
(rank three), the information of the qubit in either a mixed state or a pure 
state can be transmitted. The quantum discord of a channel with rank larger 
than or equal to three is always non-zero. Therefore, non-zero quantum discord 
is also necessary for our quantum information transmission protocol. 
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1 Introduction 

Quantum correlations have been demonstrated to be a resource for computing 
[1,2], metrology [3-4], imaging [5-8], communication [9,10] and steganography 
[11,12]. In each of these applications, entanglement has been central to the 
advantage provided by quantum systems. It is a question that has been dis- 
cussed for quite a long time is whether other kinds of quantum correlation 
(besides the entanglement) can also be exploited in ways similar to entangle- 
ment. One such quantum correlation is quantum discord [13-15]. States with 
non-zero quantum discord are quantum correlated. While all entangled states 
have non-zero quantum discord, there exist states of non-zero quantum dis- 
cord that possess no entanglement. In this paper we proposed a new use of the 
quantum correlations: to transmit information of an unknown qubit between 
two parties via a two-qubit state with non-zero quantum discord shared by the 
two parties. The scheme is similar to the quantum teleportation [16-19], and 
the information of the qubit can be transmitted from one place to another, if 
the correlation matrix of the two-qubit state (the quantum channel) is of full 
rank (rank three). The quantum discord of a state with full rank (rank three) 
is always non-zero. That is to say, the quantum information transmission is 
possible using a quantum channel with non-zero quantum discord. However, 
a quantum channel with non-zero quantum discord might have no quantum 
entanglement. 



2 Quantum information transmission 

Our set up is shown in Fig. 1, which is similar to the original quantum telepor- 
tation scheme [16]. A source of quantum particles generates a pair of qubits 
that have non-zero bipartite quantum correlations. Alice and Bob share the 
two qubits. Alice (the sender) makes a Bell measurement on her own qubit 
and an unknown single qubit C whose information will be transmitted to Bob 
(the receiver), and sends Bob the measurement result via a classical channel. 
The state Bob received will collapse to p' B . We will derive the conditions un- 
der which the state p' B contains complete information of the unknown state 
C. Non-classicality, which here is characterized by the rank of the correlation 
matrix [15], plays an important role in the quantum information transmission 
of the state of qubit C. 

In the general case, a two-qubit quantum channel system can be written 

as, 




(1) 



i,3=0 
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Pb=/(Pc) 




Fig. 1 (Color online) Our scheme of the quantum information transmission. The source 
sends two correlated qubits to Alice and Bob. Once Alice performs a joint Bell measurement 
on her qubit A and the qubit C (with state pq that is unknown to Alice or Bob), and 
sends Bob the result, the state of Bob's qubit collapses to the mixed state p'^. Under some 
constraints, the state p'g contains complete information of the unknown (possibly even 
mixed) state C. 



where Co is the identity operator, ai{i — 1, 2, 3} are the three Pauli operators. 
The unknown single-qubit input state can be written as: 

1 3 

PC =■£22*°? {-l<Ci<l,co = l}. (2) 

2 = 

where the information of qubit C is contained in the three real parameters, 
Ci (i=l,2,3). The expression pc ® Pab denotes the state of the entire system. 
Now we consider the requirement for implementing the quantum information 
transmission. We choose the Bell states as the measurement basis on the AC 
system. After the measurement, the state B will collapse to, 

/ {Pmn\PC g RAB\Pmn) 

Pb ~ Tr((/? mn |p C <g>pAB|/3m„})' 

where \j3 mn ) {m, n = 0, 1} is one of the Bell states, and Tr((/? mn |pc'8 ) PAB|/3mn)) 
is the probability of the corresponding measurement outcome that is used to 
renormalize the density matrix. According to Alice's four different possible 
measurement outcomes, corresponding to the four Bell states, there are four 
possible expressions for p' B that can be written as, 



If 1 + sf n sf " - isf n 
2 V sf " + isf n 1 - s^ n 



(4) 



where 



rok + E (-l)*T iJkCj 

Y 1 {fc = l,2,3}, (5) 
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Fig. 2 (Color online) The states in Bloch sphere, (a) (b) (c) represent the collapsed states 
are located in line, plane and solid space with rank=2,3,4, respectively. 

where <p\ = m, (f>2 — m + n, 4>3 — n. The denominator in Eq. ((SJ) is equal to 
zero only when the state pab is a direct product state, a completely classical 
and uncorrelated states that will not be considered here. Now let us prove that 
the state p' B includes all the information needed to reconstruct pc- In general, 
the state B' has three independent parameters, s™ n {k = 1,2,3} in Eq. (j4]), 
for each of the four Bell states. Select m — n = (s"° = Sk) as an example. 
The values of m and n are sent to Bob via the classical channel. From Eq. (J5J) 
we have 

3 

y^(-l) J+1 (rjfc - r j0 Sk)cj = Sfe - r fe {fc = l,2,3}. (6) 
i=i 

From Eq. © we construct three linear equations for c,-. The information 
needed by Bob can be faithfully extracted when the Eq. ([6]) have a unique- 
solution, which means that the coefficient matrix of the equations is of full 
rank. By comparing the four matrices in Eq. Q, we find that the four co- 
efficient matrices can be transformed into each other by elementary matrix 
operations, which will not change the rank of a matrix. This means that the 
unique-solution condition is the same for each of the four density matrices 
in Eq. (j4]). Thus we only need to consider any one of the four. We define 
the coefficient matrix for Eq. f) as T {Tj,k = (^^y +1 ( r jk — ^oSfc)}- By 
substituting s, in Eq. ([5]) into T, it is interesting to note that the deter- 
minant of T is connected to the determinant of the matrix R, through the 
relation (1 + tiqC\ — t-iqC2 + r^c^)det{T) = —det(R), where the matrix R 
{Rij = r<_ij_i} is the correlation matrix defined in Ref. [15]. The condition 
for unique solution for Eq. ([B]) becomes that the R matrix is of full rank. There- 
fore, in order to implement the information transmission of an arbitrary qubit, 
full rank for the correlation matrix of the channel AB system is required. 

In the following, we discuss the role of the rank of the correlation matrix 
R in the information transmission. The matrix R can be written as R = 
UDW T by singular value decomposition (SVD) [20], where U and W are 4x4 
orthogonal matrices, D = diag[c?i d,2 d^], and the number of non-zero 
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diagonal elements in D is the rank of R. Comparing with Eq. (JT|), we have, 

1 4 

PAB = J 2J ® B i = / JPtMk ® MB' ( 7 ) 

i—l i 

4 3 

where = di^iiWu, Xi = £ 9j,i a j-i = #i,« {x = A(orB) and 

3=1 3=0 

= ?7(orW)}, and a* = . Note J^Pj = 1, and the individual pi can 

3 

be negative. p\ — \ a j' cr ? nas the f° rm °f a single qubit expanded in the 

3=0 

Pauli operators, and represent a physical state when the coefficients satisfy 

3 

y] (a)) 2 < f . The measurement made by Alice is the projection on the basis 

of the AC system, which does not change the matrices fi B since Eq. ([7]) is the 
sum of the product fx l A <E> fi B , and the projection only affects its probabilities. 
In any case, Bob's results after the measurement will be a linear combination 
of all of fi B . 

When the rank of correlation matrix equals unity, this means that the 
system AB is the direct product state with no correlations. When the rank of 
the correlation matrix equals two, the collapsed state B' after the measurement 
for any state C is a linear combination of the two p B and p? B , geometrically 
the state B' is located on the line of p B and fi B , as shown in Fig. 2(a). The 
line reflects the one-dimensional nature of the information of the C system. 
Note the quantum discord (quantum correlation) for rank 2 could be zero. 
When the rank equals three, the collapsed state B' after the measurement is 
linear combination of the three n B , p? B and fi B , geometrically the state B' is 
located on the plane of /j, b , /i B and /i B , as shown in Fig. 2(b), which reflects 
the two-dimensional nature of the information contained in the C. As we know, 
the representation of a pure-state qubit only requires two degrees of freedom, 
so rank three is enough to transmit the information of a pure qubit. When the 
rank equals four, the collapsed state B 1 after the measurement for any state C 
is located in the three-dimensional tetrahedronal solid space formed by (j, B , fi B , 
fj, B and pi B , and in three dimensions the information contained in the C can be 
obtained from these values. Because an arbitrary single qubit has three degrees 
of freedom at most, we can realize the quantum information transmission of 
an arbitrary single qubit, when the rank of the channel system is full. The 
entanglement of the channel system with rank four could be zero. That is to 
say the entanglement is not necessary for quantum information transmission. 
Some non-zero quantum correlation is necessary, as the quantum discord is 
non-zero for states of rank 4 and 3 in bipartite systems [15]. 

3 An example: Werner state 

Let us now consider a concrete example to implement the quantum informa- 
tion transmission. If the two-qubit quantum channel, the AB system is in the 
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Werner state [21] 



Pab = x\& )(<P | + 



1-x 
4 



h xe[o,i]. 



(8) 



The Werner state is pure and maximally entangled for x = 1 with concurrence 
(a measure of entanglement) [22] equal to one and discord also equal to one. 
As shown analytically in Ref . [23] , the Werner state has both non-zero discord 
and non-zero concurrence for x > 1/3. In the regime < x < 1/3, the Werner 
state has non-zero discord, but zero concurrence. Finally for x = 0, the Werner 
state is a product state with zero discord and zero concurrence. The correlation 
matrix of Werner state is diag[l x -x x] , which is of full-rank except x = 0. 
If wc do the joint Bell measurement, the state of particle B will collapse to: 



which contains the information of the qubit C. Comparing Eq. (JSJ with Eq. 
(U]), we have Cj oc Si/x, the relation between the received state and the state 
to be sent. Then the information of the unknown state C can be obtained 
directly. 

From Eq. (O, it is easy to see that for x = 1 the quantum information 
transmission scheme is exactly the traditional quantum teleportation scheme 
(except for the unitary operation imposed on the reduced system B). For 
x < 1/3, the entanglement of the quantum communication channel is zero, and 
we can still carry out the quantum information transmission. In this scheme, 
we transfer the complete information needed to reconstruct p c , but not the 
state itself. 

In the information transmission, the output density matrix p' B is not equal 
to the input unknown state p c , and cannot be simply transformed into p c via 
a local unitary operation as in the ordinary quantum teleportation [1], which 
is the price we pay for not having entanglement. Even if p c is a pure state, 
the output state (p' B ) is typically mixed if pab is not a pure entangled state. 
In order to know the received state, Bob must make measurements on the 
received state, usually through quantum state tomography [24] . In the ordinary 
quantum teleportation, measurement is also needed, if Bob wants to know the 
state. Our quantum information transmission plus the local tomography can 
be regarded as the remote state tomography, which is useful in the quantum 
information science and technology. 

In general, the probabilities of the four Bell measurements are not equal, 
which means that Alice can learn something about the state she is sending, the 
information could be catch by the eavesdropper through the classical channel. 
If the state of the channel has the following form, 




(9) 




(10) 
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where I a is the identity operator on system A and ps is the reduced density 
matrix of system B, the Bell measurements have equal probability, so that 
Alice cannot get any useful information about the sending state from the Bell 
measurements. The Werner state can be written in the above form. This is 
useful for security consideration. 

4 Conclusions 

In this work we propose a scheme of the quantum information transmission by 
using a quantum channel with nonzero quantum discord. Our scheme becomes 
ordinary quantum teleportation when a Bell state is chosen for the quantum 
channel. In the present scheme, what transferred from one place to another is 
the information of the state with knowing the relation between the received 
state and the state to be sent, but not the state itself. This is the disadvan- 
tage of the information transmission. When a particular channel is chosen, 
even Alice will have no knowledge on the information she is sending, while 
Bob obtains the state with complete information. The scheme for quantum in- 
formation transmission can be implemented experimentally with the Werner 
states, as the Werner states with pairs of polarized photons from parametric 
down-conversion have been generated [25, 26]. In addition, entangled ions in 
an ion trap [27] could also be used for the quantum channel. 
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